Abstract. It is shown that the structural index of a linear differential-algebraic equation (DAE) with constant coefficients and with index 1 may be arbitrarily high, contrary to a previous result from the literature. This demonstrates that Pantelides' algorithm applied to DAEs of index 1 may perform an arbitrarily high number of iterations and differentiations.
Background. Consider the linear differential-algebraic equation (DAE)
Aẋ(t) + Bx(t) = q(t), (1.1) where q is sufficiently smooth and (A, B) is a regular pencil, i.e., A, B ∈ L(R n , R n ) are n × n matrices and there is some s ∈ R such that sA + B is regular.
Under the label "structural analysis," it has been proposed in the literature to determine the index and consistent initial values by means of discrete algorithms prior to any numerical integration in order to ease the simulation of DAE (1.1). As one such discrete algorithm, that of Pantelides [8] has become part of professional simulation software [2, 5] and has been applied successfully to a wide variety of systems. (Pantelides' algorithm was originally developed to determine a set of conditions that a consistent initial condition must satisfy. It was later applied to the index determination problem of structural analysis by others.)
This note points to some incorrect results published on the structural analysis of DAEs.
While it is well known that the structural index (to be defined in section 2) may be far less than the index [10, 1] , it has been claimed in the literature that the structural index cannot exceed the index [10] , an assertion often cited [1, p. 218] and still commonly believed to be correct. However, we show in section 2 by means of a simple example that a linear DAE of index 1 may have an arbitrarily high structural index. We also give a simple linear electrical network example for which the equations of the modified node analysis have index 1 and structural index 2.
It was pointed out in the original paper [8] that Pantelides' algorithm may fail to perform necessary differentiations if certain submatrices of B are numerically but not structurally rank deficient. Only recently, it has been claimed that the maximum number of times any part of DAE (1.1) is differentiated by Pantelides' algorithm cannot exceed the index of DAE (1.1) [5] .
However, the examples from section 2 show that Pantelides' algorithm applied to DAEs of index 1 may perform an arbitrarily high number of iterations and differentiations.
Examples. Let (A(p), B(p))
be that parameter dependent pencil that is obtained from (A, B) by substituting the nonzero elements of A and B by parameters p j which are independent from each other. (That is, nonzero elements at different positions in (A|B) are substituted by different elements of the parameter vector p ∈ R m .) There is exactly one nonnegative integer µ that equals the index of (A(p), B(p)) for all p from some open and dense subset of R m . The number µ is called the structural index of (1.1) [4] (see also [1, sec. 2.3] ).
Consider the linear DAE (1.1) with n = 2k + 1, q = 0, B the identity matrix, and
such that A solely consists of k blocks of form ( 1 1 1 1 ), the lower left element of each being on the main diagonal of A.
Both the degree of det(sA + B) in s and rank A equal k. It follows from the Kronecker canonical form [6] that the index of (1.1) is 1.
To compute the structural index, substitute each nonzero by some parameter as described above to obtain a parameter dependent pencil (A(p), B(p) ). Again, the degree of det(sA(p) + B(p)) in s is k, provided that p does not have zero components. Further, rank A(p) = 2k for all but exceptional values of p, i.e., there is a cofactor of sA(p) + B(p) of degree 2k in s. It follows that the structural index of DAE (1.1) is 1 + k, using the well-known fact that the index of (1.1) equals 1+max i,j deg s (sA + B)
(deg s denotes the degree in s of a rational function in s, i.e., the difference between the numerator and denominator degrees.) In particular, the structural index exceeds the index, contrary to what is asserted in [10] .
Pantelides' algorithm [8] applied to the above example performs k + 1 iterations before termination. In particular, the last equation (x 2k+1 = 0) is differentiated k + 1 times. This is contrary to a theorem from [5] , which states that the maximum number of times any part of DAE (1.1) is differentiated by Pantelides' algorithm cannot exceed the index of DAE (1.1). The mistake in the proof of that theorem is to take for granted that Pantelides' algorithm "identifies the minimal subset of equations, differentiation of which is necessary for consistent initialization" [8, p. 231, "minimal" emphasized by present authors]. (Note that derivatives of order 2 and higher are not necessary to determine consistent initial values for x andẋ in the example above, since its index is 1.)
To give a practical example, consider the linear electrical network shown in Figure  2 .1 which consists of an independent voltage source, a resistor of nonzero resistance R, and a capacitor of nonzero capacitance C. If we choose node 2 as the ground node, the equations of the modified node analysis (MNA) [3] are where v j is the node potential at node j and i is the current through the voltage source. Obviously, DAE (2.1) has index 1 and structural index 2. Note that both the index and the structural index equal 1 if we choose node 1 or node 3 as the ground node.
Conclusions.
In addition to disproving results from the literature, the point that the structural index may exceed the index appears to be interesting from a numerical point of view.
In the course of numerical solution of a DAE, say, the linear DAE (1.1), rounding errors are unavoidable. Under certain conditions, these rounding errors may be interpreted as some suitable perturbation of the nonzeros of the coefficients A and B of DAE (1.1), and the perturbed DAE may be written as
where ε ∈ R m is the perturbation in the nonzeros of A and B, and A(p) and B(p) are those parameter dependent matrices by means of which the structural index of the pencil (A, B) has been defined in section 2.
Clearly, the index of the perturbed DAE equals the structural index of the original DAE (1.1) for all but exceptional values of the perturbation ε, regardless of some arbitrarily small bound on the norm of ε. Therefore, if the structural index exceeds the index, numerical solution of DAE (1.1) could be much harder than its index might suggest.
Difficulties with "nearly high index" DAEs have been pointed out in the literature (e.g., [9, 7] ). To our knowledge, it has been always assumed that some parameter dependent DAE F (ẋ, x, t, p) = 0 is of higher index for some special value p 0 of the parameter p and of lower index for p − p 0 nonzero and sufficiently small. Obviously, DAEs whose structural index exceeds the index do not fit into that framework. Potential numerical consequences have not been analyzed yet.
